We propose an exotic superfluidity-fractonic superfluid, which is a many-body system of nonrelativistic bosonic fractons. As one of most salient features of fractons, the single-fracton motion is forbidden since both total charge and total dipole moments are conserved. We start with a 2 nd quantized microscopic model and formulate the coherent-state path-integral representation. In the presence of the usual Mexican-hat potential, we calculate various properties and make comparison between fractonic superfluid and conventional superfluid. We deduce the highly nonlinear Euler-Lagrange equation as well as Noether currents. We also formulate time-dependent Gross-Pitaevskii-type equations that govern hydrodynamical behaviors. We study the classical ground state wavefunction, the associated off-diagonal long range order (ODLRO), and unconventional topological vortices. Gapless Goldstone modes and specific heat capacity at low temperatures are obtained. Then, the fate of Goldstone modes and ODLRO in the presence of quantum fluctuations is investigated. The calculation shows that ODLRO at zero temperature is ultimately unstable against quantum fluctuations unless the spatial dimension is larger than two. More general many-fracton systems with higher rank symmetry are also considered. Several future directions are discussed. arXiv:1911.02876v1 [cond-mat.str-el] 
I. INTRODUCTION
Superfluid phase of liquid Helium-4 [1, 2] is a typical quantum many-body system described by Ginzburg-Landau theory. At weakly interacting regime, the system can be regarded as a weakly interacting Bose gas. The superfluid phase at classical level supports gapless Goldstone bosons. Vortex configurations, which tend to eliminate off-diagonal long range order (ODLRO) [3] , is topologically characterized by the winding number of the circulating supercurrent. Superfluid is also a simple demonstration of Mermin-Wagner (MW) theorem which states that continuous symmetry cannot be spontaneously broken at any finite temperature (T ) in one dimensional (1D) and 2D systems. At T = 0, true ODLRO is unstable against quantum fluctuations unless the spatial dimension is no less than 2D. Despite of the restriction from MW theorem, the celebrated BerezinskiiKosterlitzThouless (KT) topological transition exists at a finite critical temperature T c , which turns the algebraic order at low T to disordered phase at high T through thermal fluctuations [2] .
In this paper, we propose an unconventional superfluid phase: fractonic superfluid, which was, surprisingly, motivated from seemingly unrelated line of thinkingstrongly correlated topological phases of matter. Recently, there is an ongoing focus issue-fracton topological order [4, 5] that supports topological excitations with restricted mobility. In contrast to the more "familiar" topological order such as the fractional quantum Hall effect, if one tries to move a fracton-a point-like immobile excitation, additional fractons have to be created nearby simultaneously. In other words, fractons are totally immobile. Tremendous progress has been made and * yepeng5@mail.sysu.edu.cn vastly different research areas have been unexpectedly connected in the context of fractons, such as glassy dynamics, foliation theory, elasticity, dipole algebra, higherrank global symmetry, many-body localization, stabilizer codes, duality, gravity, quantum spin liquid, and higherrank gauge theory, e.g., Refs. .
While fractons are originally defined as point-like excitations, one may also consider a many-fracton system-a quantum many-body system directly made of fractons. Suppose fractons are bosonic and simply represented by a scalar field φ, one may ask: what kind of minimal microscopic quantum models can capture the property of immobility? Ref. [29] recently proposed a non-Gaussian field theory by requiring that both total charge and total dipole moments are conserved, where the time-derivative is 2 nd order and the momentum-dependent term involves φ of at least 4 th order. This enhanced symmetry elegantly enforces the mobility restriction of single particles.
Alternatively, in this paper we consider a minimal model in terms of 2 nd quantized microscopic Hamiltonian H that respects aforementioned symmetries. Then, the coherent-state path integral quantization sends H to L = iφ * ∂ t φ − H after Wick rotation. This first-order derivative with respect to time is very subtle. With this formulation of classical action, one may legitimately interpret φ * φ as the particle number density, which is a common situation in condensed matter and cold-atom systems. Starting from this Lagrangian, we consider a Mexican-hat potential as usual. The Euler-Lagrange equation of this theory is highly non-linear, since the Lagrangian as a functional of φ, ∂φ, and ∂∂φ is intrinsically non-Gaussian. On the other hand, the Noether currents associated to the two conserved quantities are derived: charge current and dipole current.
Let us start with the normal state at T = 0 with negative chemical potential. When chemical potential is turned to positive value, the energy functional drops down to minima when φ belongs to plane-wave config-urations, in contrast to conventional superfluid where φ is exactly constant everywhere, i.e., momentum k = 0. This class of configurations with lowest energy constitutes the classical ground state manifold of fractonic superfluid, and the usual time-dependent Gross-Pitaevskii equations can be obtained in the presence of such exotic boson condensate. We also properly define a new velocity field u that represents a mixture of the two Noether currents-charge current and dipole current, such that its closed loop integral is topological and quantized. The closed line integral of the two velocity fields associated to Noether currents turn out to be not topological, in sharp contrast to the conventional superfluid. The corresponding quantized number represents unconventional topological vortices that are expected to proliferate at critical points, leading to a possible generalized KT transition. The Goldstone bosons associated to spontaneous broken symmetries are analyzed, whose dispersion relations give rise to exotic temperature-dependence of specific heat capacity c v as long as ODLRO is assumed.
Since quantum fluctuations are not treated seriously, ODLRO of classical ground states is self-consistently established, regardless of dimensions. Once quantum fluctuations are taken into account, Goldstone bosons and ODLRO are ultimately unstable in 1D and 2D. In 1D, the correlation at long distance decays exponentially, which indicates a spectral gap is formed; in 2D, it decays in power-law. Compared to the conventional superfluid phase, all these dimension-dependence properties of ODLRO arise as a result of highly non-Gaussianality of many-fracton systems. Lastly, we consider a more general many-fracton model that has a higher-rank symmetry and claim that a fractonic superfluid with a rank-N symmetry can only survive against quantum fluctuation when the spatial dimension is larger than N + 1 at zero temperature in our model series. This paper is organized as follows. In Sec. II, we introduce a microscopic Hamiltonian in Eq. (1) and it conserves total dipole moments as well as a charge. We derive the Euler-Lagrange equation and Noether currents. A Gross-Pitaevskii-type equation is also formulated to govern hydrodynamic behavior. Sec. III starts with a Mexican-hat potential to determine a fractonic superfluid phase in any spatial dimensions with the groundstate wavefunctions in Eq. (27) from a hydrodynamic method. We define a new velocity u in Eq. (32) whose vorticity turns out to be topological. In Sec. IV, we concentrate on quantum fluctuations or Goldstone modes. With an effective theory for Goldtone modes, we calculate correlators of order parameters and state that only when spatial dimension is larger than 2 does a fractonic superfluid stay stable at zero temperature. Also we give a temperature-dependence of specific heat capacity. Lastly, Sec. VI summarizes the main results and put forward further perspectives. Several appendices are provided at the end of the paper.
II. MANY-FRACTON SYSTEM
In this section, we introduce a microscopic model and derive the Euler-Lagrange equation and the Noether currents, from which we obtain a Gross-Pitaevskii equation.
A. Microscopic model
In a non-relativistic field theory, a single particle fails to propagate and may be eventually localized if its effective mass is too large. In other words, the usual kinetic term vanishes. However, no further constraints are imposed on mobility of bound state excitations. Let us consider a non-quadratic Hamiltonian. One realization is
where :: denotes the normal ordering.Φ † (x) andΦ(x) are bosonic creation and annihilation operators andρ(x) = Φ † (x)Φ(x) is a density operator. These operators satisfy the standard communication relations
incorporates interactions that do not involve spatial gradient. In the following, we mainly consider the most simple case
where µ is the chemical potential and g > 0 describes onsite repulsive interaction. Hereafter, no Einstein summation rule is assumed. The coupling constants K ij > 0 and G i ≥ 0 ensure a lower bound for a physically acceptable Hamiltonian H. The G i -term is also a potential term. Besides, no rotational invariance is assumed since anisotropic K ij may arise for certain lattice symmetries if H is deduced from the continuum limit of a lattice model after smoothing lattice. Hamiltonian H obeys a conservation law of total dipole moments as well as a global U (1) symmetry. So we have two types of conserved quantities. One is the global U (1) charge:
and the others are the total dipole moments of d components:
where the integral is over all d-dimensional spatial manifold M in Eqs. (3) and (4) . We denote a group generated by both Q and Q (a) (a = 1, 2, · · · , d) as G. We denote a subgroup with a single generator Q (a) as U (1) a . An element U = exp −i λQ + i λ a Q (a) in G leads to a transformation of the field φ as φ = φe i(λ+ a λax a ) with d + 1 real parameters λ and λ a (a = 1, · · · , d). The group G turns out be not an internal symmetry since Q (a) does not commute with the translational or rotational symmetry. By performing coherent-state path integral quantization, we can construct a Lagrangian L from H in Eq. (1) as
where φ (x, t) is the eigenvalue of annihilation op-eratorΦ(x) on a coherent stateΦ (x) |φ (x, t) = φ (x, t) |φ (x, t) and φ * (x, t) is its complex conjugate. It should be noted that a Wick rotation has been applied from imaginary time to real time, which is convenient for zero temperature. One remarkable feature in Eq. (5) is the first-order time derivative term, which brings about significant phenomena in condensed matter physics. We regard Eqs. (1) and (5) as microscopic models of a manyfracton system due to fully restricted mobility on the scalar field φ.
B. Euler-Lagrange equation and Noether theorem
The Noether theorem states that a classical action that respects a continuous symmetry is associated to conserved charge. A continuity equation can be deduced from the action. Below we will apply the Noether theorem on the symmetry group G in the many-fracton system in Eq. (5) .
First of all, we derive the Euler-Lagrange equation. Formally, given a Lagrangian L [∂ t φ, ∂ i φ, ∂ i ∂ j φ, φ] under coherent-state path integral, a stationary condition of its action S =´d d xdtL leads to the following Euler-Lagrange (E-L) equation or equation of motion,
In sharp contrast to the usual E-L equations, the last term in the r.h.s. of Eq. (6) exist now and will play an important role in many-fracton systems. Plugging (5) into Eq. (6) renders
where we have considered a Mexican-hat potential in Eq. (5):
It corresponds to the operator form V (Φ † ,Φ) in Eq. (2). Although Eq. (7) looks lengthy and complicated, one may still quickly end up with immobile fractons by taking a plane-wave ansatz φ ∼ exp (iωt − ik · x). The flat dispersion relation ω = 0 indicates that a single particle could not propagate. Such kinds of particles with fully restricted mobility are dubbed fracton in the literature. Now we are in a position to calculate the Noether currents associated with the two conserved quantities. If we make an on-shell variation, δS turns out to be an integral of a total derivative. Here, an on-shell variation
constrains φ to satisfy the E-L equation. Here, δφ is an arbitrary infinitesimal change parametrized by an infinitesimal parameter α. The form of F (φ) in Eq. (9) is determined by a symmetry. The related Noether charge and current density can be written as
Here c.c. means complex conjugate. Back to our model in Eq. (5), for a global U (1) symmetry, we take F (φ) = iφ and F (φ) = ix a φ for U (1) (a) and we can obtain charge and current densities,
Therefore, we have two types of spatial currents: J i and Λ (a)
i . Nevertheless, they are not totally independent. The first term in current Λ (a) i in Eq. (15) equals x a J i that comes from motions of each single particle at x with current J i and the extra term comes from the pure effect during many-body hopping processes. I. Comparison between conventional and fractonic superfuild phases. With a dipole-conservation, a many-fracton system has no mobile fundamental particle excitations. A vortex excitation in a fractonic superfluid phase is protected by a vorticity of a new field u in Eq. (31) instead of a conventional velocity. Both two phases have one single Goldtone mode but with different dispersion relations. So a fractonic superfluid can stably occur in spatial dimension larger than 2 at zero temperature.
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Below, we will deduce equations that govern hydrodynamic behaviors of the superfulid, which are summarized as a time-dependent Gross-Pitaevskii (GP) equation set. We now rewrite Eq. (7) i∂ t φ =Ĥφ,
whereĤ behaves as a single-particle Hamiltonian that readsĤ
Eq. (16) has a similar form as a time-dependent Gross-Pitaevskii equation in a conventional superfluid phase where g characterizes a hardcore interaction. Differently the kinetic term is nonlinear due to refinement from G. One way to understand Eq. (16) is to derive a hydrodynamic equation by decomposing φ = √ ρe iθ where ρ and θ are density and phase operators respectively. So, EL equation is equivalent to two partial derivative equations,
Eq. (18) is a continuity equation and the dynamics of θ is very complicated. The solution towards Eqs. (18) and (19) resembles a fluid with conserved dipole moments. The hydrodynamic velocity v i is defined as
where ρ is the charge density. From J i in Eq. (13), we find that
The velocity v
Although we call v (a) i as a velocity, it has a different dimension from v i . One should not feel confused. It's easy to extract two continuity equations
Numerical simulations to Eqs. (18) and (19) 
The prefactor K −1 ia is introduced to absorb anisotropy in K ij and x a is to decrease degree of derivative. If some K ij vanish, the definition of u should be understood by taking the limit K ij → 0. Thus, Eq. (25) works for general K ij . The velocity u arises from pure many-body effect and it plays a vital role in fractonic superfluid in Sec. III.
III. FRACTONIC SUPERFLUID FROM HYDRODYNAMIC METHOD
We have discussed basic properties like Noether currents and GP equation in a many-fracton model. The main feature is its non-Gaussian form resulting from a dipole-moment conservation symmetry G. In this section, we generalize a conception of a superfluid phase including off-diagonal long range order and topological defects.
A. Off-diagonal Long Range Order Superfluidity can occur in a conventional bosonic system with a potential V (φ) in Eq. (8) . In this section, we consider a superfluid phase in a fracton system (1) .
Classically, the minimal value of the energy with a translational symmetry
depends on the chemical potential. If µ < 0, the potential V (φ) has a minimal value at ρ = 0. It is a normal phase. If µ > 0, the potential V (φ) reaches a minimal value at |φ| = √ ρ 0 ≡ µ g . The vacuum now possesses a finite particle density and has a large number of degeneracies. In the second quantization language, the groundstate manifold can be represented with a creation operatorΦ † along with phase parameters α and β i (i = 1, · · · , d)
where a normalization factor is neglected. The orthogonality of two states in (27) with different parameters in the thermodynamic limit is proved in Appendix E. The ground state is equal-weight superposition over all possible particle numbers that is modulated by a phase factor. The groundstate wavefunction in Eq. (27) characterizes condensation of a macroscopically large number of particles at a state with momentum k = (β 1 , · · · , β d ) by ob- order(ODLRO). If we calculate the correlation function in the classical level
whose amplitude doesn't decay at large distances. Nevertheless, quantum fluctuations may potentially destroy the amplitude, which will be discussed in Sec. IV.
B. Topological vortices and topological number
A conventional U (1) superfluid has vortex excitations whose configuration tightly depends on the space dimension. In d spatial dimensions, a vortex has a singular Dirac delta distribution supported on a d−2 submanifold. We have an identity for a closed line integral due to compactness of field θ,¸C ∇θ · dr = 2πN , where C is a closed path around the vortex core and N ∈ Z is the winding number. Fig. 1(a) shows condensate field φ = ρ 0 e iθ for simplicity in two spatial dimension. The quantization of the integral physically arises from the single-valuedness of a condensate wavefunction. If no vortex exists and the phase θ is not singular, the integral must vanish.
With a fractonic superfluid wavefunction in Eq. (27), we are ready to discuss its topological nature. The velocities in Eqs. (21) and (22) reduce to simpler forms after condensation with a uniform density distribution ρ = ρ 0 ,
These condensate velocity fields v i and v (a) i are our building blocks for the purpose of constructing topological vortices of the fractonic superfluid. Topological number in a conventional superfluid is embedded in current vorticity. A vorticity can be expressed as a winding number around the vortex core. However, for general K ij , vorticities of
Illustration of hydrodynamic fields in fractonic superfluid in the presence of vortices, for simplicity, in 2 spatial dimensions. The length and direction of red arrows represent the magnitude and direction of velocity field and the blue lines benefit for eye guidance. The vortex core in a vortex configuration of u in Eq. (31) is marked by a green point. The three columns from left to right depict velocity fields v in Eq. (29), v (1) and v (2) in Eq. (30) . The three rows from top to bottom corresponds to different coupling constants: isotropic Kij = 1 2 κ, intermediate K11 = K22 = 2K12 = 2K21 = 1 2 κ and diagonal Kij = 1 2 κδij with a positive constant κ. The velocity field u in three cases shares the same configuration as in Fig. 1(b) . The charge current for isotropic Kij vanishes in (a). The vorticities of charge and dipole velocity fields are not topological. All the velocity fields are obtained under the same θ field θ = arctan x 1 x 2 with winding number N = 1.
v and v (a) are no longer topologically invariant. In other words,¸C v · dr and¸C v (a) · dr are path-dependent since v i and v (a) i are not total derivatives. We can focus on the new velocity field u in Eq. (25) . After condensation, it reads
Eq. (31) works for general K ij in the sense of taking the limit. The configuration of condensate velocity u is depicted in Fig. 1(b) in 2 spatial dimensions. We define the vorticity Θ u of the new velocity u:
where N is the winding number. Therefore, Θ u can be utilized to characterize the topological nature of vortices. The vanishing of the first term in the second line of Eq. (32) is due to smoothness of ∂ a θ although θ is multivalued function. The configurations of different vector fields in Eqs. (29) , (30) and (31) are plotted in Fig. 2 in 2 spatial dimensions for simplicity. Although the charge velocity field in Fig. 2 (e) seems to have a vortex structure, its vorticity is not topological.
In conclusion, we identify a fractonic superfluid phase without taking quantum fluctuations into consideration. Different from a conventional superfluid phase, the topological vortices are characterized by a new vorticity of a current u from combination of charge and dipole moment currents. In Sec. IV, we consider quantum fluctuations and stability of a fractonic superfluid phase.
IV. FRACTONIC SUPERFLUID AND QUANTUM FLUCTUATION
Quantum fluctuation can cause instability of a superfluid phase or ODLRO. In this section we target on this problem. We first derive an effective theory for gapless phase fluctuation and then determines stability of a fractonic superfluid phase.
A. Effective theory for phase fluctuation
To include quantum fluctuations, without loss of generality, we start with one classical field config-
where two real fields ρ (x, t) and θ (x, t) represent density and current fluctuations respectively. We have removed the Greek letter δ in δρ for notation simplicity. To the second order, we can derive the effective Lagrangian,
The density fluctuation field ρ should satisfy a condition as an auxiliary field δL δρ = 0. The solution takes the form in the momentum space as
In the long-wave length limit,
which requires an upper bound for momentum |k| 2πξ −1 c . ξ c is the coherent length of the fractonic superfluid and is determined when right hand and left hand in Eq. (35) equal. So we can safely make the following approximation:
Substituting Eq. (36) into Eq. (33), we obtain an effective Lagrangian for field θ
In Eq. (37) since G i -term is less relevant, we have neglected it. Eq. (37) gives the same dispersion relation for the field θ as classical analysis in Appendix D.
Although the broken symmetry G has d + 1 generators, we only have one gapless mode θ in Eq. (37) . Notice that any vacuum with a broken U (1) charge symmetry also is one for symmetry generated by Q (a) and the main effect of a charge Q (a) is to impose a strong constraint on current J i so that the Goldstone mode has a higher-order dispersion relation.
B. Stability of off-diagonal long range order
Now we are ready to include the effect of quantum fluctuations on correlation C(x) in Eq. (28) . The correlator C(x) is related to an equal-time Green function of the Golstone mode θ(x, 0)
where the equal-time Green function can be calculated in the momentum space:
Eq. (39) is hard to deal with exactly for a general K ij . In the following, we consider two specified cases. and coherent length ξc = 2π κ/(4ρ 0 g) while the latter with isotropic coupling constant Kij = 1 2 κ has c = κgρ 2 0 and coherent length ξc = 2π 4 κ/4g. A many-fracton system is fully disordered (marked by × ) in d = 1 and algebraically ordered (AO) in d = 2. It has a stable ODLRO, i.e., a true superfluid (marked by ), when d ≥ 3 at zero temperature. Here γ is the Euler's constant.
d Conventional system Many-fracton system
(1) Isotropic case K ij = 1 2 κ for any i, j. We introduce a factor 1 2 in K ij to simplify our expressions. In this case, the Goldstone mode θ has a quadratic dispersion relation
and it recovers a rotational symmetry. The coherent length ξ c is determined by equation g = .
The Lagrangian
possesses a Lifshitz spacetime symmetry and relates to nonrelativistic gravity [46] [47] [48] . The asymptotic behavior of C (x) has been listed in Table II and details can be referred to Appendix F.we can find that only when our space dimension d > 2 does a superfluid survive from quantum fluctuations. The correlator C (x) approaches zero in dimension d = 1 and 2 in large distance. We point out that C (x) decays in a power-law pattern in d = 2, which is similar to a conventional superfluid in d = 1. We may expect KT transition. Another aspect of the higher-order dispersion in Eq. (40) is specific heat capacity that has practical consequence,
where f B ( ) is the Bose-Einstein distribution function and Ω d−1 is surface area of unit (d − 1)sphere. From Eq. (43), c v is proportional to T d 2 in d space dimensions. When a spatial dimension is lower than 3, the specific heat capacity is physically meaningless. The result in Eq. (43) for d = 3 is valid under our assumption of existence of Goldstone mode at finite temperature. On the other hand, for a conventional superfluid with La- Eq. (8) , the effective theory for the Goldstone mode is
where Goldtone mode has a linear dispersion relation ω = √ kgρ 0 |k| ≡ c |k| and quantum fluctuation will kill a superfluid phase in one spatial dimension at zero temperature. Table II makes a comparison between a conventional and fractonic superfluid phase.
(2) Diagonal case K ij = 1 2 κδ ij Now the Goldstone mode θ has a dispersion spectrum
It does not have a rotational symmetry. We can arrive at the same conclusion as the isotropic case.
The above analysis just demonstrates that a superfluid phase or ODLRO cannot survive against quantum fluctuation when the spatial dimension is lower than 3 at zero temperature. Thermal effect may destroy a fractonic superfluid phase and the related results will be present in future work. In Sec. V, we aim to discuss general manyfracton models.
V. GENERAL MANY-FRACTON MODELS
A many-fracton model in Eq. (1) conserves both charge and total dipole moments. This motivates us into a large class of models. We begin with a Hamiltonian H =´d d xH where the Hamiltonian density H reads
where ∇ i1i2···in = ∂ i1 ∂ i2 · · · ∂ in and the summation for each index is over all spatial dimensions. The coupling constant K i1i2···i N +1 can be anisotropic and it is fully symmetric with its indexes. When N = 0, Eq. (46) re-duces to a Gaussian theory and when N = 1, it reduces to the many-fracton model in Eq. (1) except G i -term.
Here some models are listed
Under the standard coherent-state path integral, we can write down the Lagrangian L = iφ * ∂ t φ − H(φ * , φ). Although log φ is a multivalued function and has singularity when φ = 0, the kinetic term turns out to be well-defined.
The system in Eq. (46) is invariant under transformation
where δθ is polynomials of degree N of local coordinates
where λ i1···i l is a symmetric real tensor of rank-l with respect to spatial indexes. And the related conserved charges have the form as
where C (x a ) is as a homogeneous polynomials with degree-p and p ≤ N . We dub a symmetry generated by charges in Eq. (52) as a rank-N symmetry. [37, 49] .
In this sense, a global U (1) is a rank-0 symmetry and G for Hamiltonian in Eq. (1) is a rank-1 symmetry. Now we focus on an isotropic coupling constant K i1i2···i N +1 = 1 2 κ. If we take a Mexican-hat potential chemical potential µ > 0, we have a large degenerate vacuum with finite uniform density distribution ρ = ρ 0 . Through the same processes, we can derive an effective theory for the quantum fluctuation field θ after condensation,
The effective theory describes Goldstone mode θ with
The calculation on the correlator C (x) can be found in Appendix F and the result shows that C (x) decays to zero when spatial dimension is lower than d < N + 2 at zero temperature. In particular, C (x) decays in a powerlaw pattern at zero temperature at spatial dimension d = N + 1 and we may expect a KT phase transition.
VI. CONCLUDING REMARKS
In this paper, we have studied a many-fracton model in Eq. (1) that lacks of mobility of a single particle. The model in Eq. (1) conserves both charge and total dipole moments. We have derived nontrivial Euler-Lagrange equation and the Noether currents. By taking a Mexican-hat potential, we deduce a time-dependent Gross-Pitaevskii-type equations. We finally end up with fractonic superfluidity from both classical and quantum levels, including Goldstone modes, specific heat, ODLRO stability, and more general fraction-models. There are many interesting directions for future investigation. For example, the BEC-BCS cross of a fracton system may show interesting physical consequence. That is, we shall discuss a fraconic superconducting phase in a fermionic fracton system. One may also consider a symmetric phase formed by condensing unconventional vortices in the fractonic superfluid. By decorating on-site symmetry charge on vortices, one may construct bosonic Symmetry Protected Topological Phases (SPT) with both higher rank symmetry and usual on-site symmetry, following the similar methods in usual bosonic SPT constructions [50] [51] [52] [53] [54] .
Generally the stationary condition of an action
meets the Euler-Lagrange equation. Here for notation simplification, we do not show dependence on φ * and its derivative terms in L. Explicitly, a variation δφ leads to δS
Here, the variation does not depend on space-time coordinates,
Up to a surface term, vanishing of Eq. (A1) requires the famous Euler-Lagrange equation.
One remark is that we take ∂ i ∂ j φ and ∂ j ∂ i φ as different variables if i = j during variational processes,
Appendix B: Noether Theorem
The Noether theorem establishes a relation between global symmetries and conserved charges. We consider on-shell variations where fields φ and φ * are constrained to satisfy E-L equations while the variations δφ and δφ * are arbitrary. A symmetry transformation
has a parameter α that is independent of space-time coordinates and keeps the E-L equation invariant while it does not involve changes in the coordinates in any way. The Noether theorem states that even when α depends on coordinates α = α (x, t), the variation action δS should also vanish.
where we apply the E-L equation. The variations δS appears as an integration over a total derivative
(B3) Therefore we derive a conserved charge and current density
and the conservation law
The charges defined in Eqs. (3) and (4) forms a hierarchy. Their currents are tightly linked. One inspection is coincidence of local symmetries of U (1) a generated by Q (a) and a global U (1) symmetry. In this section, we give a classical picture on this hierarchy.
We start with the charge conservation law ∂ t ρ +
The Noether theorem states the conservation law for higher-rank charge and currents
Combine Eq. (C1) and Eq. (C2) and we obtain
Eq. (C4) imposes a constraint on charge current density J i . A general solution towards Eq. (C4) depends on arbitrary functions F i j (x, t) (i, j = 1, · · · , d).
We can conclude that the charge current J i must be a total derivative.
Appendix D: Goldstone mode from GP equation
We perturbatively solve hydrodynamical equations (19) and (18) around a superfluid solution ρ = ρ 0 and υ s = 0. Expand Eqs. (19) and (18) with ρ = ρ 0 + δρ up to the first leading order and we have two linearized equations
It gives us
and we can find a dispersion relation of δρ
It corresponds to a Goldstone mode.
Appendix E: Normalization and orthogonality
The ground states for a superfluid phase are parametrized by real factors α, β i . For a single particle at position x
where C = e 1 2 ρ0 is a normalization factor. The ground state
is a simple product of all particles. For two such ground states |GS α βi and |GS α β i , we can consider their inner product,
Eq. (E3) vanishes in the thermodynamic limit.
Appendix F: Calculation of Integrals
Here we provide details on calculation of diagonal and isotropic cases of K ij The equal-time correlator can be expressed as 
Make a Wick rotation
We split the integral over ω E into two parts c 1 and c 4 . We first consider c 1 . As indicated by contour c 1 ∪ c 2 ∪ c 4 , since there exist no singularities inside the contour, we haveˆc
On the line c 2 , according to the Jordan lemma,
where line −c 3 has opposite direction to c 3 . Now we are ready to calculate it. Combine a similar result for c 4 , and we get
Since momentum k has a natural cutoff 2π L < k < 2π ξc , the corresponding cutoff for s is ξc So I 1 diverges in large r in d = 1 and 2. The calculation on I 2 can be conducted with the same procedures.
For d = 1, 
where the momentum k has a natural cutoff with k min = 2π L and k max = 2πξ −1 c , with ξ c the coherence length and L system's length scale. The integral of I 1 can be conducted depending on space dimension by observing that
where the parameter s has cutoff ξ 2π 2 < s < L 2π 2 according to the natural cutoff of momentum. The integral I 2 can be conducted directly. We take x coordinates so that k · x =k 1 |x|, and then formally
The integral can be calculated in different dimension with cutoff ξc 
where a parameter s has a natural cutoff L 2π 2 ≥ s ≥ ξc 2π
2 . If d ≤ N , the trick for the integral does not work. Instead, we only give a tendency. Since the real part of 1−e −ik·x |k| N +1 is non-negative, with the natural cutoff, we can conclude the integral is always positive. Thus, we have 
